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Background

Spatiotemporal Model 

- a statistical representation of data sampled from specific locations over a 
period of time that characterizes their exogenous, spatial, and temporal 
dependencies (Cressie & Majure, 1997). 

Malabanan and Barrios (2017) postulated a semiparametric spatiotemporal 
model, motivated by agricultural systems, with data measured at varying 
frequency, e.g. 

• Amount of Rainfall (daily / weekly)

• Amount of Fertilizer Applied (quarterly)

• Corn Production (quarterly)



Spatiotemporal Model with Varying Frequencies (Malabanan & Barrios, 2017)

𝑦𝑖𝑡 = ෍

𝑘=1

𝐾

𝑓(𝑋𝑖𝑡𝑘
) + 𝛽𝑍𝑖𝑡 + 𝛾𝑊𝑖𝑡 + 𝜀𝑖𝑡

Components

𝑌𝑖𝑡 - response in unit i at time t

𝑋𝑖𝑡𝑘
- covariate measured at higher frequency 

𝑓(∙) - continuous function in 𝑋𝑖𝑡𝑘

𝑍𝑖𝑡 - covariate measured in the same frequency as 

response in spatial unit i at time t

𝑊𝑖𝑡 - neighborhood system where spatial unit i belongs 

at time t

𝜀𝑖𝑡 - error terms for spatial unit i at time t

𝜀𝑖𝑡 = 𝜌𝜀𝑖,𝑡−1 + 𝑎𝑖𝑡 , 𝜌 < 1, 𝑎𝑖𝑡 ~𝐼𝐼𝐷 0, 𝜎𝑎
2 , 𝑖 = 1, … , 𝑛; 𝑡 = 1, … , 𝑇; 𝑘 = 1, … , 𝐾

Estimation

Backfitting Algorithm

Spline Smoothing – nonparametric

Regression Model – parametric

AR(1) model – temporal parameter



𝑦𝑖𝑡 = ෍

𝑘=1

𝐾

𝑓(𝑋𝑖𝑡𝑘
) + 𝛽𝑍𝑖𝑡 + 𝛾𝑊𝑖𝑡 + 𝜀𝑖𝑡

𝜀𝑖𝑡 = 𝜌𝜀𝑖,𝑡−1 + 𝑎𝑖𝑡 , 𝜌 < 1, 𝑎𝑖𝑡 ~𝐼𝐼𝐷 0, 𝜎𝑎
2 , 𝑖 = 1, … , 𝑛; 𝑡 = 1, … , 𝑇; 𝑘 = 1, … , 𝐾

Spatiotemporal Model with Varying Frequencies (Malabanan & Barrios, 2017)

Model Assumptions

• Constant nonparametric component effect across units and across time

• Constant parametric component (𝛽) effect across units and across time

• Constant neighborhood variable (𝛾) effect across units and across time

• Constant temporal effect (𝜌) across units



Testing of Constant Covariate Effect Across Spatial Units

Hypothesis

H0: 𝛽𝑖 = 𝛽 ∀𝑖
H1: 𝛽𝑖 ≠ 𝛽 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑖

Algorithm

1. Estimate 𝑦𝑖𝑡 = σ𝑘=1
𝐾 𝑓(𝑥𝑖𝑡𝑘

) + 𝛽𝑧𝑖𝑡 + 𝛾𝑤𝑖𝑡 + 𝜀𝑖𝑡

2. Isolate residuals associated to covariate effect, 𝑦𝑖𝑡
∗ = 𝑒𝑖𝑡

𝛽
= 𝑦𝑖𝑡 − σ𝑘=1

𝐾 ෣𝑓(𝑋𝑖𝑡𝑘
) + ො𝛾𝑊𝑖𝑡

3. In each spatial unit, generate 𝑘 bootstrap samples of 𝑇 pairs (𝑧𝑖𝑡, 𝑦𝑖𝑡
∗ ), and estimate

𝑦𝑖𝑡
∗ = 𝛽𝑖𝑧𝑖𝑡 + 𝜀𝑖𝑡, 𝑖 = 1, . . . , 𝑁, 𝑡 = 1, . . . , 𝑇

4. Compute ො𝜎෡𝛽𝑖

∗ =
1

𝑘−1
σ𝑝=1

𝑘 መ𝛽𝑖𝑝
∗ − መ𝛽𝑖𝑝

∗
2 1/2

, መ𝛽𝑖𝑝
∗ =

1

𝑘
σ𝑝=1

𝑘 መ𝛽𝑖𝑝
∗

5. Construct 1 − 𝛼 ∗ 100% CI using

መ𝛽𝑖𝑝
∗ ± 𝑧𝛼

2
ො𝜎෡𝛽𝑖

∗

6.  Test the hypothesis using the test statistic:

𝐷 =
1
𝑁
2

σ
𝑙=1

𝑁
2 𝑑𝑙 where   𝑑𝑙 = ቊ

min 𝑈1 − 𝐿2 , 𝐿1 − 𝑈2 , 𝑖𝑓 𝐶𝐼 𝑝𝑎𝑖𝑟 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑜𝑣𝑒𝑟𝑙𝑎𝑝
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

7. Reject Ho if 𝐷 > 𝐷𝛼
𝑛𝑢𝑙𝑙



𝑦𝑖𝑡 = 𝑎 ෍
𝑘=1

𝐾

൯𝑓(𝑋𝑖𝑡𝑘
+ (𝛽 + 𝑣𝑖𝛽)𝑍

𝑖𝑡
+ 𝛾𝑊𝑖𝑡 + 𝜀𝑖𝑡 ,

𝜀𝑖𝑡 = 𝜌𝜀𝑖,𝑡−1 + 𝑚𝑎𝑖𝑡

where 𝑣𝑖 is a nonzero constant for some spatial unit 𝑖.

III. Simulating Non-constant Covariate Effect

Characteristic Settings

Percent of spatial units / time points with 

alternative parameter values

10%

20%

Percent difference from “true” parameter 

value in simulation

𝑣 = 0.0

𝑣 = 0.3

𝑣 = 1.0

𝑣 = 2.0



(a) (b)

Sample Plot of 95% Bootstrap CI of βi under (a) under H0:βi= β=0.79; and (b) H1:  βi= β+vβ; v=1.0 for 5 

time points, v=0 for 45 time points

Illustration (Constant vs Non-constant Covariate Effect)



Characteristics Values
Size under 

𝐻0: 𝛽𝑡 = 𝛽

Power at 𝐻1: 𝛽𝑡 = 𝛽 + 𝑣𝛽

5 time points 10 time points

𝑣 = 0.3 𝑣 = 1 𝑣 = 2 𝑣 = 0.3 𝑣 = 1 𝑣 = 2

Component 

Contributions

(f(x)-z-w-e)

(30-30-30-10) 0.051 0.141 0.858 1.000 0.232 0.946 1.000

(20-50-20-10) 0.043 0.392 0.995 1.000 0.528 1.000 1.000

(20-20-50-10) 0.065 0.073 0.605 0.974 0.101 0.749 0.995

Error correlation
rho = 0.5 0.064 0.239 0.866 0.988 0.346 0.929 0.994

rho = 0.9 0.058 0.094 0.572 0.872 0.129 0.696 0.917

Length of N and T

N=T 0.062 0.165 0.772 0.985 0.235 0.877 0.997

N>T 0.047 0.263 0.893 1.000 0.372 0.938 1.000

N<T 0.048 0.178 0.793 0.990 0.254 0.880 0.998

Nature of Covariate

no temporal 

correlation
0.064 0.230 0.879 0.995 0.320 0.946 0.998

with temporal 

correlation
0.056 0.103 0.559 0.865 0.155 0.679 0.914

Table 1. Average empirical size and power in testing constant covariate effect 
across time points for different simulation scenarios ( m = 1)

Color

Proportion of 

Rejection
0.0-0.25 0.26-0.50 0.51-0.75 0.76-1.00



Characteristics Values
Size under 

𝐻0: 𝛽𝑖 = 𝛽

Power at 𝐻1: 𝛽i = 𝛽 + 𝑣𝛽

5 locations 10 locations

𝑣 = 0.3 𝑣 = 1 𝑣 = 2 𝑣 = 0.3 𝑣 = 1 𝑣 = 2

Component 

Contributions

(f(x)-z-w-e)

(30-30-30-10) 0.054 0.133 0.755 0.958 0.189 0.845 0.968

(20-50-20-10) 0.051 0.302 0.921 0.982 0.433 0.963 0.985

(20-20-50-10) 0.055 0.064 0.481 0.850 0.090 0.630 0.914

Error correlation
rho = 0.5 0.064 0.239 0.866 0.988 0.346 0.929 0.994

rho = 0.9 0.058 0.094 0.572 0.872 0.129 0.696 0.917

Length of N and T

N=T 0.042 0.128 0.653 0.901 0.200 0.744 0.924

N>T 0.041 0.134 0.697 0.928 0.193 0.800 0.956

N<T 0.055 0.237 0.808 0.961 0.319 0.894 0.988

Nature of Covariate

no temporal 

correlation
0.056 0.237 0.878 0.999 0.341 0.946 1.000

with temporal 

correlation
0.047 0.167 0.761 0.984 0.233 0.851 0.997

Table 2. Average empirical size and power in testing constant covariate effect 
across locations for different simulation scenarios ( m = 1 )

Color

Proportion of 

Rejection
0.0-0.25 0.26-0.50 0.51-0.75 0.76-1.00



Characteristics Values
Size under 

𝐻0: 𝛽𝑡 = 𝛽

Power at 𝐻1: 𝛽𝑡 = 𝛽 + 𝑣𝛽

5 time points 10 time points

𝑣 = 0.3 𝑣 = 1 𝑣 = 2 𝑣 = 0.3 𝑣 = 1 𝑣 = 2

Component 

Contributions

(f(x)-z-w-e)

(30-30-30-10) 0.053 0.051 0.064 0.083 0.057 0.063 0.136

(20-50-20-10) 0.055 0.051 0.069 0.212 0.054 0.095 0.311

(20-20-50-10) 0.043 0.045 0.057 0.062 0.047 0.059 0.078

Error correlation
rho = 0.5 0.061 0.041 0.066 0.174 0.046 0.074 0.257

rho = 0.9 0.052 0.057 0.061 0.064 0.060 0.070 0.093

Length of N and T

N=T 0.045 0.047 0.066 0.104 0.047 0.063 0.132

N>T 0.062 0.038 0.057 0.145 0.048 0.071 0.227

N<T 0.050 0.062 0.068 0.107 0.064 0.083 0.167

Nature of Covariate

no temporal 

correlation
0.050 0.053 0.069 0.151 0.049 0.087 0.234

with temporal 

correlation
0.038 0.047 0.059 0.089 0.054 0.062 0.117

Table 3. Average empirical size and power in testing constant covariate effect 
across time points for different simulation scenarios ( m = 10 )

Color

Proportion of 

Rejection
0.0-0.25 0.26-0.50 0.51-0.75 0.76-1.00



Characteristics Values
Size under 

𝐻0: 𝛽𝑖 = 𝛽

Power at 𝐻1: 𝛽i = 𝛽 + 𝑣𝛽

5 locations 10 locations

𝑣 = 0.3 𝑣 = 1 𝑣 = 2 𝑣 = 0.3 𝑣 = 1 𝑣 = 2

Component 

Contributions

(f(x)-z-w-e)

(30-30-30-10) 0.044 0.055 0.06 0.096 0.052 0.067 0.149

(20-50-20-10) 0.047 0.049 0.071 0.196 0.053 0.105 0.300

(20-20-50-10) 0.048 0.047 0.06 0.067 0.049 0.052 0.078

Error correlation
rho = 0.5 0.042 0.063 0.083 0.168 0.055 0.093 0.260

rho = 0.9 0.037 0.037 0.045 0.072 0.048 0.056 0.091

Length of N and T

N=T 0.046 0.045 0.056 0.099 0.050 0.067 0.151

N>T 0.061 0.05 0.063 0.096 0.048 0.057 0.136

N<T 0.056 0.056 0.073 0.164 0.056 0.100 0.239

Nature of Covariate

no temporal 

correlation
0.050 0.054 0.077 0.163 0.06 0.086 0.228

with temporal 

correlation
0.048 0.044 0.05 0.075 0.045 0.059 0.122

Table 4. Average empirical size and power in testing constant covariate effect 
across locations for different simulation scenarios ( m = 10 )

Color

Proportion of 

Rejection
0.0-0.25 0.26-0.50 0.51-0.75 0.76-1.00



Model Component Contribution to the Response at m=1 and at m=10

Target Model Component 

Contributions (f(x)-z-w-e) in %

Simulated Model Component 

Contribution (m=1)

Simulated Model Component 

Contribution (m=10)

(30-30-30-10) (29.31–34.79–32.61–3.28) (22.62–26.84–25.16–25.37)

(20-50-20-10) (19.09–56.35–21.27–3.27) (14.73–43.51–16.41–25.34)

(20-20-50-10) (19.53–23.26–53.95–3.24) (15.12–18.01–41.77–25.10)



Scatter Plot of Response and Covariate

m=1 m=10

rho=0.5

rho=0.9



1. The proposed procedure in testing for constant covariate effect across 
time points and spatial units is correctly sized under the different 
scenarios simulated. 

2. Power of test follows an increasing pattern as frequency and degree of 
deviation from the true coefficient increase. 

3. The test is sensitive under the presence of non-homogenous covariate 
effect that is at least twice the magnitude of the “true” coefficient, and 
when model errors are not too large. 

4. The frequency of time points / locations with alternate coefficients only 
slightly improves power different.

Conclusions
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